Abstract. The numerical implementation of an ocean model based on the incompressible Navier Stokes equations which is designed for studies of the ocean circulation on horizontal scales less than the depth of the ocean right up to global scale is described. A "pressure correction" method is used which is solved as a Poisson equation for the pressure field with Neumann boundary conditions in a geometry as complicated as that of the ocean basins. A major objective of the study is to make this inversion, and hence nonhydrostatic ocean modeling, efficient on parallel computers. The pressure field is separated into surface, hydrostatic, and nonhydrostatic components. First, as in hydrostatic models, a two-dimensional problem is inverted for the surface pressure which is then made use of in the three-dimensional inversion for the nonhydrostatic pressure. Preconditioned conjugate-gradient iteration is used to invert symmetric elliptic operators in both two and three dimensions. Physically motivated preconditioners are designed which are efficient at reducing computation and minimizing communication between processors. Our method exploits the fact that as the horizontal scale of the motion becomes very much larger than the vertical scale, the motion becomes more and more hydrostatic and the threedimensional Poisson operator becomes increasingly anisotropic and dominated by the vertical axis. Accordingly, a preconditioner is used which, in the hydrostatic limit, is an exact integral of the Poisson operator and so leads to a single algorithm that seamlessly moves from nonhydrostatic to hydrostatic limits. Thus in the hydrostatic limit the model is "fast," competitive with the fastest ocean climate models in use today based on the hydrostatic primitive equations. But as the resolution is increased, the model dynamics asymptote smoothly to the Navier Stokes equations and so can be used to address smallscale processes. A "finite-volume" approach is employed to discretize the model in space in which property fluxes are defined normal to faces that delineate the volumes. The method makes possible a novel treatment of the boundary in which cells abutting the bottom or coast may take on irregular shapes and be "shaved" to fit the boundary. The algorithm can conveniently exploit massively parallel computers and suggests a domain decomposition which allocates vertical columns of ocean to each processing unit. The resulting model, which can handle arbitrarily complex geometry, is efficient and scalable and has been mapped on to massively parallel multiprocessors such as the Connection Machine (CM5) using data-parallel FORTRAN and the Massachusetts Institute of Technology data-flow machine MONSOON using the implicitly parallel language Id.
Introduction
Details of the numerical implementation of a model which has been designed for the study of dynamical processes in the ocean from the convective, through the geostrophic eddy, up to global scale are set out. The "kernel" algorithm solves the incompressible Navier Stokes equations on the sphere, in a geometry as complicated as that of the ocean basins with irregular coastlines and islands. (Here we use the term "Navier Stokes" to signify that the full nonhydrostatic equations are being employed; it does not imply a particular constitutive relation. The relevant equations for modeling the full complexity of the ocean include, as here, active tracers such as temperature and salt.) It builds on ideas developed in the computational fluid community. The numerical challenge is to ensure that the evolving velocity field remains nondivergent. Most horizontal resolutions L >_ L,, coarser than the radius of deformation. We did not want to make the hydrostatic assumption a priori, since it precludes the study of many interesting small-scale phenomena. Rather, it was important to us that our approach be also well-suited to the convective, nonhydrostatic limit. We therefore adopt height as a vertical coordinate and employ a "finite-volume" approach, in which property fluxes are defined normal to the faces that define the volumes, leading to a very natural and robust discrete analogue of "divergence." In the special case that the volumes are of regular shape, the arrangement of the model variables in the horizontal reduces to a "C" grid, using the nomenclature of Arakawa and Lamb [1976] , and so carries with it well-documented strengths and weaknesses in the treatment of gravity, inertial, and Rossby wave modes. But the finite-volume method makes possible a novel treatment of the boundary in which volumes abutting the bottom or coast may take on irregular shapes and so be "shaved" to fit the boundary; this aspect of the model is discussed in detail elsewhere by Adcroft et al. [1996] . The model is thus particularly adept at the representation of complex geometry typical of ocean basins and endows it with some of the advantages of terrain-following coordinates without any of their disadvantages.
The variables are stepped forward in time using a quasisecond-order Adams-Bashforth time-stepping scheme. The pressure field, which ensures that evolving currents remain nondivergent, is found by inversion of elliptic operators. In HPE and QH a two-dimensional (2-D) elliptic problem must be inverted; in NH the elliptic problem is three-dimensional (3-D). A major objective of our study has been to make this 3-D inversion, the "overhead" of NH, efficient and hence to make nonhydrostatic modeling affordable. The pressure field is separated into surface pressure Ps, hydrostatic pressure PHi-, and nonhydrostatic pressure P NH and the component parts are found sequentially. In the 3-D inversion for P N• a preconditioner is used which, in the hydrostatic limit, is an exact integral of the elliptic operator and so leads to an algorithm that seamlessly moves from nonhydrostatic to hydrostatic limits. Thus, in the hydrostatic limit, NH is "fast," competitive with the fastest ocean climate models in use today based on the HPEs. But as the resolution is increased, the model dynamics asymptotes smoothly to the Navier Stokes equations. Finally, the inversion methods developed here may be of wider interest because elliptic equations of the same form arise in other applications, for example, in "electrostatics" (the calculation of emf in the ocean induced by ocean currents moving in the Earth's magnetic field, as measured in submerged cables on the seafloor; see Flosadottir et al. [1996] ) and "potential vorticity inversions" for balanced flow.
The paper is set out as follows. In section 2 we briefly review the incompressible Navier Stokes equations that are at the heart of our model. In section 3 we outline a numerical strategy for solving NH, HPE, and QH and the finite-volume methods used to discretize our problem in space. In section 4 the preconditioned conjugate-gradient methods used to invert 2-D and 3-D elliptic equations are described, and in section 5 we discuss the mapping of the algorithm onto a massively parallel machine, the Connection Machine (CM5) programmed in data-parallel FORTRAN.
Incompressible Navier Stokes Model

Equations
The state of the ocean at any time is characterized by the three-dimensional distribution of currents v, potential temperature T, salinity S, pressure p, and density p. The equations that govern the evolution of these fields, obtained by applying the laws of classical mechanics and thermodynamics to an incompressible Boussinesq fluid, are, using height as the ver- 
is the velocity in the horizontal (indicated by the subscript h) and vertical direction z, respectively, the pressure is Pref where •p is the deviation of the pressure from that of a resting stratified ocean and Pref is a constant reference density, and = (Gu, Gw) Figure 1 ), allowing arbitrary specificaon all rigid boundaries tion of the coastline, bottom topography, and connectedness and subject to the following boundary conditions: 1. We apply the condition of no normal flow through all solid boundaries: the coasts and the bottom. For the purpose of clarity for the moment we will assume that the surface of the ocean is a rigid lid to filter out high-frequency surface gravity waves; the implementation of an implicit free surface is discussed in Appendix 2. Thus we set v-n-0 
Vertical Coordinate
In principle, there is no difficulty in transforming (1)-(7) to a terrain-following coordinate r/, where r/ = r/(z, H) with r/(0, H) = 0 and r/(H, H) = 1 (where H is the depth of the ocean). In many ways, such a transformation would seem a natural choice for the representation of topography and considerably simplifies the boundary conditions to be applied on (8). There are a number of problems, however.
1. 3. It is not straightforward to represent V 2 diffusion terms; they must be transformed to height or density coordinates 4. A pure r/surface converges toward coastlines. Contrary to expectation, there appears to be little gained from using a vertical coordinate that is terrain following near the bottom of the ocean but like z near the surface. This is because the bottom intersects the coastline at the surface. Accepting islands and continents with sheer sides over a considerable depth is a possible compromise, but one which we prefer to avoid at present.
In large-scale ocean circulation studies a vertical coordinate based on some thermodynamic property of the fluid, such as rr o, is an attractive choice [see, for example, Bleck and Smith, 1990] . However, on the small scale, where convective processes and mixing are prevalent, height seems a more natural choice.
Our strategy, then, is to retain height as a vertical coordinate and cope directly with the rather challenging elliptic problem for pressure, which must be inverted in a domain of highly irregular shape; see Figure 1 . As we now go on to describe, we use finite-volume techniques to discretize our problem in space, permitting one to shave cells which abut the solid bottom or sides, so "fitting" the numerical grid to irregularities in the shape of the ocean basin. Figure 2 . We now go on to describe the spatial discretization employed and, in section 4, our elliptic inversion procedure.
Numerical Strategy
Spatial Discretization
The ocean is carved up into a large number of "volumes" which can be called "zones" or "cells"; see Figure 3 . They take on a regular shape over the interior of the ocean but can be modified in shape when they abut a solid boundary; see 
Elliptic Problem
We now formulate the discrete analogues of the 2-D and 3-D elliptic problems for the pressure which guarantees that the velocity fields evolving from n to n + 1 according to (12) and (13) satisfy the nondivergence condition (14) at step n + 1. The parallel implementation of the preconditioned conjugate-gradient methods used to invert them is discussed in sec- In summary, then, the approach we have adopted has considerable advantages in regard to the pressure inversion. In particular, because (1) the divergence constraint on the evolving velocities is applied in integral form employing Gauss's theorem and (2) the kinematic boundary condition v-n = 0 (where n is a unit vector normal to a solid boundary) is applied at the face of a cell, then the form of (31) is unchanged, even if the face of a cell which abuts the solid boundary is inclined to coordinate surfaces. This property enables one to rather easily shave cells which abut boundaries to improve the representation of flow over topography. 4.1.2. Three dimensions. In nonhydrostatic calculations a three-dimensional elliptic equation must also be inverted for PNH to ensure that the local divergence vanishes. The appropriate discrete form can be deduced in a manner that exactly parallels that which was used to deduce (29). Taking the horizontal divergence of equation (12) 
Preconditioned Conjugate-Gradient Solution Method
Many standard references to preconditioned conjugategradient methods exist [see, for example, Press et al., 1986, and references therein], but for the sake of completeness we briefly give the "hub" of the method here, emphasizing the use we make of preconditioners. Our problem is to find p given A and f (see (31) and (32) We have designed preconditioners, K, for both the 2-D and 3-D problems, so that (1) it can be easily stored, (2) the number of operations one has to perform when multiplying by it is as small as possible, and (3) it is a good approximation to A -• so the iterative procedure converges rapidly. Because the true inverse is dense, our choice will be a compromise between these, sometimes conflicting, ideal properties. In HPE and QH, our scheme's performance is comparable to conventional second-order finite difference hydrostatic codes. In typical applications the model has many vertical levels and most of the computer time is spent evaluating terms in the explicit time-stepping formulae; the work required to invert the 2-D elliptic problem for P s does not dominate. In NH, however, the computational load can be significantly increased by the 3-D inversion required. One iteration of the three-dimensional elliptic solver demands of the order of 30 operations/cell, which is --•6% of the total arithmetic operation count of the explicit time-stepping routines. Therefore, if the 3-D inversion is not to dominate the prognostic integration, the preconditioned conjugate-gradient (PCG) procedure must converge in less than 15 or so iterations.
To be more specific, let us consider the pressure inversion in a zonally periodic channel as in the mixed layer calculation using NH presented in Plate 1 and Tables 1 and 2 The accelerated convergence made possible by splitting the pressure field (16) is central to controlling the computational overhead of NH. Figure 7 shows the impact on the number of three-dimensional iterations, Ira, of solving separately for the pressure components. We plot Im (required to achieve a given residual accuracy e_•r)) as a surface. First, we find P s to a chosen accuracy e2r ) and then find P/VH, moving across the surface as indicated by the arrow. In order to control the divergence field an e3r) of-10-7 is required (e is defined in On the left (Figure 8a ) the ocean has a constant depth and there is a "/3 effect"; the Coriolis parameter varies linearly with y. On the right (Figure 8b) , however, the Coriolis parameter is kept constant, but the cells are shaved in such a manner that the bottom slope thus created induces a "topographic/3 effect" which is exactly equivalent to the "planetary/3 effect" of Figure   8a ; this example, together with many others is described in more detail in Adcroft et al. [1997] . The resulting solutions are virtually indistinguishable demonstrating the utility of our finite-volume approach in the representation of topography.
Parallel Performance
The algorithm maps efficiently to both multiprocessor and single-processor computers. The arithmetical operations required on the regular grid that connect points in the finitevolume discretization break down readily into many independent operations. These operations can then be easily distributed over many independent processors computing in parallel. Figure 9 charts the performance of our data-parallel code on the CM5 for a variety of problem sizes and for differing numbers of processors. We see that for fixed problem size, there is a drop in efficiency as the number of processors goes up, due to communication overhead. The degree to which it drops reflects the finite time required to communicate information between processors. But at fixed granularity the efficiency remains constant, and the floating point throughput increases linearly with the number of processors. We see no sequential bottlenecks to prevent the algorithm scaling efficiently as computing architecture evolves. These issues are discussed in more detail by Arvind et al. (submitted manuscript, 1996).
Conclusions
We have outlined the numerical implementation of an ocean model rooted in the Navier Stokes equations. This kernel algorithm can be readily modified to yield hydrostatic and quasihydrostatic forms. The spatial discretization employs finitevolume techniques permitting one to shave cells adjacent to the boundary and so accommodate geometries as complex as those of ocean basins with minimal increase in algorithmic complexity.
In the Navier Stokes model the pressure field, which ensures that evolving currents remain nondivergent, is found by inversion of a three-dimensional elliptic operator subject to Neu- 
